Abstract. We study the locally compact abelian groups in the class E<∞, that is, having only continuous endomorphisms of finite topological entropy, and in its subclass E 0 , that is, having all continuous endomorphisms with vanishing topological entropy. We discuss the reduction of the problem to the case of periodic locally compact abelian groups, and then to locally compact abelian p-groups.
Introduction
The topological entropy for continuous self-maps of compact spaces was introduced by Adler, Konheim and McAndrew [1] , in analogy with the metric entropy from ergodic theory introduced by Kolmogorov and Sinai (see [29] ). Later, Bowen [5] gave a definition of topological entropy for uniformly continuous self-maps of metric spaces, which was extended by Hood [21] to uniformly continuous self-maps of uniform spaces. This notion of topological entropy coincides with that in [1] for the compact case, when the given compact topological space is endowed with the unique uniformity compatible with the topology.
Hood's definition of topological entropy applies to topological groups G, endowed with their left uniformity U, as continuous endomorphisms φ : G → G are uniformly continuous with respect to U. Assume that G is a locally compact group, denote by C(G) the family of all compact neighborhoods of 1 in G, and let µ be a left Haar measure on G. For U ∈ C(G) and n ∈ N + , the n-th φ-trajectory of U is C n (φ, U ) = U ∩ φ −1 (U ) ∩ . . . ∩ φ −n+1 (U ) ∈ C(G).
The topological entropy of φ with respect to U ∈ C(G) is H top (φ, U ) = lim sup n→∞ − log µ(C n (φ, U )) n and the topological entropy of φ is h top (φ) = sup{H top (φ, U ) | U ∈ C(G)}.
Following [7, 12] , the topological entropy of G is E top (G) = {h top (φ) | φ ∈ End(G)}.
Some of the most relevant problems concerning discrete dynamical systems deal with the values of entropy, for instance the problem of the existence of topological automorphisms of compact groups with arbitrary small topological entropy. This problem is certainly the most outstanding and can be written equivalently for continuous endomorphisms as follows:
is inf{E top (G) \ {0} | G compact group} > 0?
It is equivalent to the celebrated Lehmer's problem in number theory (see [26] ). In fact, inf{E top (G) \ {0} | G compact group} = inf({h top (φ) | φ ∈ Aut( Q n ), n ∈ N} \ {0})
and, for n ∈ N and φ ∈ Aut( Q n ), the so-called Yuzvinski's formula states that h top (φ) coincides with the Mahler measure of the characteristic polynomial of φ taken with integer coefficients (see [24, 31] ). Lehmer's problem asks whether or not the infimum of all positive values of the Mahler measure is zero (see [23] ).
A positive answer to the question in (1.1) would imply that the set of all possible values of the topological entropy of continuous endomorphisms of compact groups is countable, while a negative answer would imply that E top = R ≥0 ∪ {∞} (see [5, 7, 26, 31] , see also [9] for the algebraic counterpart).
In the larger class of locally compact groups the counterpart of (1.1) has an easy answer. In fact, E top (R) = R ≥0 ; more precisely, every continuous endomorphism of R has finite topological entropy and for every non-negative real r there exists a topological automorphism of R of topological entropy r (see [5, 29] , see also Remark 2.7 below). This is why this paper, following the direction of [12] in the compact case, studies the problem of the finiteness of the topological entropy for locally compact groups. In order to pursue this scope, we follow [12] and introduce E 0 = {G | E top (G) = {0}} and E <∞ = {G | ∞ ∈ E top (G)}.
We start recalling the results from [12] about locally compact abelian groups in E <∞ and in E 0 .
Following [11] and denoting by P the set of all primes, for p ∈ P we say that an element x of a locally compact group G is topologically p-torsion if x p n → 1 in G, and let G p = {x ∈ G | x topologically p-torsion} be the topological p-component of G. According to [18] , a locally compact p-group is a locally compact group G such that G = G p .
Theorem 1.1 (See [12, Theorems A, B and C and Corollary 2]). Let G be a locally compact abelian group. (a) If G ∈ E <∞ , then dim(G) < ∞; this implication can be inverted when G is compact and G/c(G) ∈ E <∞ (in particular, when G is compact and connected). (b) If G ∈ E 0 , then G is totally disconnected; if G is compact and totally disconnected, then G ∈ E 0 if and only if
G ∈ E <∞ . (c) In case G is compact, G ∈ E 0 if and only if G is totally disconnected and G p ∈ E 0 for every p ∈ P.
Items (a) and (b) of the above theorem suggest to treat the case of totally disconnected locally compact abelian groups G (it is worth noting that no complete reduction to the totally disconnected case is available -see Question 6.2(a)). We handle the case when G is also compactly covered (i.e., each element of G is contained in some compact subgroup of G); following the terminology from [18] , we call these locally compact groups G periodic.
For periodic locally compact abelian groups we have the following reduction to locally compact abelian p-groups extending Theorem 1.1(c). Theorem 1.2. Let G be a periodic locally compact abelian group. Then: (a) G ∈ E 0 if and only if G p ∈ E 0 for every p ∈ P; (b) G ∈ E <∞ if and only if G p ∈ E <∞ for every p ∈ P and G p ∈ E 0 for almost all p ∈ P.
From now on, with p we always denote a prime number. A locally compact abelian p-group G is a Z p -module, so we can consider its Z p -rank rk Zp (G) and its p-rank r p (G) as well. When rk Zp (G) and r p (G) are finite, let
According to [18, Lemma 3 .91], rank p (G) is the smallest n ∈ N such that every topologically finitely generated subgroup of G is generated by at most n elements. For example the group Q p of p-adic numbers is a torsion-free periodic locally compact abelian p-group with r p (G) = 0 while rank p (Q p ) = rk Zp (Q p ) = 1.
Motivated by the following remark, we impose the additional restriction to have finite rank p on the locally compact abelian p-groups. Very roughly speaking, the finiteness of the cardinal invariant rank p will replace (only to a certain extent -see Remark 1.3(a)) the finiteness of the dimension in Theorem 1.1(a) as far as the description of the locally compact abelian p-groups in E <∞ is concerned. Remark 1.3. Here we recall some results from [12] , showing that the question of a complete classification of the compact abelian p-groups G (i.e., abelian pro-p-groups) belonging to E 0 is far from a satisfactory understanding. (a) By [12, Theorem E] (its proof makes essential use of [10, Theorem 13] ), there exists a family of 2 c many pairwise non-isomorphic compact abelian p-groups K of weight c in E 0 with rank p (K) infinite. Therefore, rank p (G) < ∞ is not a necessary condition neither for G ∈ E <∞ nor (even) for G ∈ E 0 . (b) There exists a class of compact abelian p-groups K with E top (K) = {0, ∞} (i.e., for every φ ∈ End(K) one has h top (φ) ∈ {0, ∞} and no intermediate values of the topological entropy can be attained). The groups Z N p and n∈N+ Z(p n ) have this property, and a complete description of this class can be found in [12, Theorem D] .
We recall the following recent characterization of the structure of locally compact abelian p-groups with finite rank p .
Theorem 1.4 (See [18, Theorem 3.97]).
A locally compact abelian p-group G has rank p (G) < ∞ if and only if it is isomorphic to
p × F p for some integers n 1 , n 2 , n 3 ∈ N and a finite p-group F p with r p (F p ) = n 4 ∈ N. In particular,
with rk Zp (G) = n 1 + n 3 and r p (G) = n 2 + n 4 .
This result provides a nice property of the cardinal invariant rank p , namely its preservation under Pontryagin duality. Indeed 
p ×F p , and so rank p ( G) = rank p (G), while rk Zp ( G) and rk Zp (G), and similarly r p ( G) and r p (G), need not coincide.
It turns out that all locally compact abelian p-groups with finite rank p are in E <∞ , and one can characterize those of them that are actually in E 0 : Theorem 1.5. If G is a locally compact abelian p-group with rank p (G) < ∞, then G ∈ E <∞ . Moreover, the following conditions are equivalent:
This result has to be compared with its counterpart for compact abelian groups; indeed, we have seen in Theorem 1.1(b) that when G is a totally disconnected compact abelian group, G ∈ E <∞ precisely when G ∈ E 0 . More specifically, if G is a compact abelian p-group with rank p (G) < ∞, then G ∼ = Z n p × F p for some n ∈ N and a finite p-group F p , by Theorem 1.4. According to Proposition 4.8, Z n p × F p ∈ E 0 (this follows also from Theorem 1.5). Making use of the "local" Theorem 1.5, in Theorem 1.6 we extend the characterization of the classes E <∞ and E 0 within a significantly larger class of locally compact abelian groups G. We denote by c(G) the connected component of G and by B(G) the largest compactly covered subgroup of G; moreover, let
which is a fully invariant open subgroup of G (see [11, Proposition 3.3.6] , see also [8, pp. 29-30] 
also the converse implications hold in (a) and (b).
The scale function s(φ) was introduced by Willis [30] for continuous endomorphisms φ of totally disconnected locally compact groups (see Section 5) . Since by definition the scale is always finite, and since every locally compact abelian p-group G with rank p (G) < ∞ is in E <∞ by Theorem 1.5, it makes sense to verify whether h top (φ) = log s(φ) or not for every φ ∈ End(G). Indeed we prove this equality, as reported below. Theorem 1.7. Let G be a locally compact abelian p-group with rank p (G) < ∞ and let φ ∈ End(G). Then h top (φ) = log s(φ).
The precise connection between the scale and the topological entropy was given in [4, 16] (see Section 5). In particular Theorem 1.7 was already known for G = Q n p and φ a topological automorphism. The proofs of Theorem 1.5 and Theorem 1.6 make substantial use of the so called Addition Theorem that we discuss in the sequel.
We say that the Addition Theorem holds for a triple G, φ, H of a topological group G, φ ∈ End(G) and a φ-invariant closed normal subgroup H of G, and we briefly say that AT (G, φ, H) holds, if
whereφ G/H ∈ End(G/H) is induced by φ. The relevant formula (1.3) can be briefly resumed by saying that in the following commutative diagram Similarly, we say that AT (G) holds if AT (G, φ, H) holds for every φ ∈ End(G) and for every φ-invariant closed normal subgroup H of G.
It is known that AT (G, φ, H) holds when G is compact (see [2, 31] ) and when G is totally disconnected and locally compact and φ is a topological automorphism of G (see [16] ). However the validity of the Addition Theorem in the general case of locally compact groups and their continuous endomorphisms is not yet established even in the abelian setting, to the best of our knowledge. (A wrong proof of the Addition Theorem for locally compact abelian groups appeared in [25] -see [13] for more detail.)
The next theorem provides a formula reducing the computation of the topological entropy for totally disconnected locally compact abelian groups to the case of locally compact abelian p-groups. It allows for a convenient reduction of the Addition Theorem for totally disconnected locally compact abelian groups to the case of locally compact abelian p-groups. Theorem 1.8. Let G be a totally disconnected locally compact abelian group. Then, for every φ ∈ End(G), Moreover, we prove the following version of the Addition Theorem, leaving open the problem in the general case of locally compact abelian p-groups of finite rank p (see Question 6.5).
The paper is organized as follows. In Section 2 we recall some useful results on topological entropy; among them we mention the p-adic counterpart of the so-called Yuzvinski's formula (see Theorem 2.5), which gives an explicit computation of the values of the topological entropy of continuous endomorphisms of Q n p . In Section 3 we discuss some instances of the Addition Theorem, and in particular we prove Theorems 1.8 and 1.9. In Section 4 we prove Theorems 1.2, 1.5 and 1.6. We make use of a direct computational rule for the topological entropy of a continuous endomorphism of a locally compact abelian p-group with finite rank p (see Proposition 4.8), more precisely, one can reduce this computation to the mere use the p-adic Yuzvinski's formula.
In Section 5 we recall the definition of the scale and the p-adic Yuzvinski's formula for the scale; we verify some basic properties in the abelian setting in order to prove Theorem 1.7 (again as a consequence of Proposition 4.8).
Section 6 contains some final comments and open questions, regarding those locally compact groups that have not been treated in the main body of the paper. In the first place, some attention is paid to the case of not necessarily totally disconnected locally compact abelian groups. The remaining part concerns the non-abelian setting, with a particular emphasis on the Heisenberg group on Z p and Q p .
Notation and terminology. As usual, R denotes the reals and R ≥0 = {r ∈ R | r ≥ 0}, Q the rationals, Z the integers, N the natural numbers and N + the positive integers. We denote by P the set of all primes. For p ∈ P, Z(p) is the finite cyclic group of order p, Z(p ∞ ) the Prüfer group, Z p denotes the ring of p-adic integers, and Q p the field of p-adic numbers.
For an abelian group G, we denote by t(G) the torsion subgroup of G, by D(G) the divisible hull of G, and by d(G) the largest divisible subgroup of G.
For p ∈ P and an abelian group G, we use
For a topological group G we denote by End(G) the set of all continuous endomorphisms of G and by Aut(G) the set of all topological automorphisms of G. For a locally compact abelian group G we denote by G its Pontryagin dual group.
For undefined symbols and terms, see [11, 18, 19, 20] .
Some background on topological entropy
Some useful facts on the topological entropy for locally compact groups are listed below.
Corollary 2.2 (See [12]). Let G be a locally compact group and φ ∈ End(G). If there exists a local base B ⊆ C(G)
of G consisting of φ-invariant subgroups, then h top (φ) = 0. In particular, Z n p ∈ E 0 for every p ∈ P and n ∈ N. Item (a) of the next lemma reveals the monotonicity of the topological entropy with respect to taking restrictions to invariant closed subgroups or quotients with respect to such subgroups. Item (b), which easily follows from (a), shows that h top is an invariant for topological dynamical systems (G, φ), where G is a locally compact group and φ ∈ End(G).
For G, H locally compact abelian groups, we say that φ ∈ End(G) and ψ ∈ End(H) are conjugated if there exists a topological isomorphism α :
Lemma 2.3 (See [7] ). Let G be a locally compact group and φ ∈ End(G).
When G is a totally disconnected locally compact group, the computation of the topological entropy of φ ∈ End(G) can be simplified. Indeed, for these groups van Dantzig [27] proved that the family
is a local base of G. As noticed in [7, Proposition 4.5.3] , the topological entropy of φ can be computed as
, and so the index [U :
Theorem 2.5 below is the p-adic counterpart of the Yuzvinski's formula from [31] explicitly computing the topological entropy of all continuous endomorphisms of Q. The p-adic Yuzvinski's formula was given in [24] for topological automorphisms, the general case can be obtained also from its counterpart for the algebraic entropy proved in [14] together with the so-called Bridge Theorem from [8] (see also [15] ).
If K p is a finite extension of Q p , we denote by | − | p the unique extension of the p-
Theorem 2.5 (See [24] ). Let n ∈ N + and φ ∈ End(Q n p ). Then
where {λ i | i ∈ {1, . . . , n}} are the eigenvalues of φ in some finite extension K p of Q p .
In particular, the above highly non-trivial theorem implies that
Example 2.6. Let n ∈ N + and consider the multiplication by 1/p, that is, φ :
A straightforward computation (or an easy application of Theorem 2.5) gives h top (φ) = n log p > 0. Taking into account the above observation as well, one has Q n p ∈ E <∞ \ E 0 . Remark 2.7. An explicit formula, similar to the p-adic Yuzvinski's formula, for the computation of the topological entropy of continuous endomorphisms of R n , for n ∈ N, is known from [5] . It implies that, for n ∈ N + ,
3. Addition Theorem 3.1. Basic facts. We start recalling the following weak version of the Addition Theorem.
Lemma 3.1 (See [1, 7, 16, 28] ). Let G 1 , G 2 be locally compact groups that are either compact or totally disconnected, or isomorphic to R n for some n ∈ N, and φ 1 ∈ End(G 1 ), φ 2 ∈ End(G 2 ). Consider G 1 ×G 2 with the product topology and
We now introduce other three levels of Addition Theorem.
The following basic case of Addition Theorem was already proved in [13, Corollary 4.17] in the general case of all topological groups, here we give a short proof for the case of locally compact groups. Proof. Let φ ∈ End(G) and let H be a φ-invariant closed normal subgroup of G. Since N is fully invariant, ψ = φ ↾ N ∈ End(N ) is well defined. As AT (N, ψ, H ∩ N ) holds by hypothesis, we have that
Proof. By the hypotheses C(H) ⊆ C(G) and C(H) is a local base of
By Lemma 3.3,
It remains to prove that 
This equality, along with the previous one, yields (3. 3).
3.2.
Totally disconnected locally compact groups. The following proposition plays a prominent role in the proof of our main results. Proposition 3.7. Let G 1 be a totally disconnected locally compact abelian group, G 2 a discrete abelian group, and let G = G 1 × G 2 equipped with the product topology. If φ ∈ End(G) and
Proof. There exist φ 1 ∈ End(G 1 ), φ 2 ∈ End(G 2 ) and a continuous homomorphism φ 3 :
for every (x, y) ∈ G. Let K ∈ B(G 1 ). Since G 2 is discrete, the compact subgroup φ 3 (K) of G 2 must be finite. Therefore, V = ker φ 3 ∩ K has finite index in K, so V ∈ B(G 1 ), that is, V × {0} ∈ B(G).
For every U ∈ B(G) contained in V , and for every n ∈ N + ,
This yields
is 
The following is a direct consequence of Proposition 3.7 when G 2 is fully invariant whenever identified with the subgroup {0} × G 2 of G.
Corollary 3.8. Let G 1 be a totally disconnected locally compact abelian group, G 2 a discrete abelian group, We see now that under some suitable conditions the validity of AT (G) implies the validity of AT (G 1 ) for a topological direct summand G 1 of G. Proof. Obviously, it is enough to check AT (G 1 ). To this end fix φ 1 ∈ End(G 1 ) and a φ 1 -invariant closed subgroup
Note that H is also a φ-invariant closed subgroup of G. Since AT (G, φ, H) holds in view of our hypothesis AT (G), we have that
, by Lemma 3.1 and Lemma 2.3(b),
Along with (3.4) and (3.5), this implies h top (φ 1 ) = h top (φ 1 ↾ H ) + h top ((φ 1 ) G1/H ), i.e., AT (G 1 , φ 1 , H 1 ) holds.
Next we prove a natural instance of the Addition Theorem with respect to the kernel of the endomorphism.
Theorem 3.11. Let G be a totally disconnected locally compact group and φ ∈ End(G). If there exists a local base B ⊆ B(G) of G such that, for every
Proof. Clearly, h top (φ ↾ ker φ ) = 0, since φ ↾ ker φ = 0. It remains to verify that h top (φ) = h top (φ), where we denoteφ =φ G/ ker φ . Since h top (φ) ≤ h top (φ) by Lemma 2.3(a), we are left with the converse inequality.
Denote by π : G → G/ ker φ the canonical projection. Moreover, recall that π(B(G)) = {π(U ) | U ∈ B(G)} ⊆ B(G/ ker φ) is a local base of G/ ker φ (see [16, Corollary 2.5] ). Let U ∈ B and n ∈ N + . It follows from our hypothesis that
. Therefore, H top (φ, U ) = H top (φ, π(U )) and finally h top (φ) = h top (φ) by Lemma 2.1 and (2.1).
3.3.
Reduction to locally compact abelian p-groups. Following [11] , for a topological abelian group G we denote by B(G) the set of all compact elements of G, that are the elements of G contained in a compact subgroup of G. Hence (by definition), B(G) is the largest compactly covered subgroup of G, therefore it is fully invariant G.
Also the subgroup ̟(G) = B(G) + c(G) is fully invariant, and, if G is locally compact, ̟(G)
is also open in G (see [11, Proposition 3.3.6] ). This means that B(G) itself is open in G if and only if G contains no copies of R, i.e., c(G) is compact.
Proposition 3.12. Let G be a locally compact abelian group. Then AT 0 (G, ̟(G)) holds.
Proof. As mentioned above, the subgroup ̟(G) is open and fully invariant. Therefore, Corollary 3.4 applies.
If G is a locally compact abelian group, for every p ∈ P, the subgroup G p is compactly covered. Since the closure G p contains c(B(G)) = c(G) ∩ B(G), and since c(B(G)) p = {0} whenever c(B(G)) = {0}, G p is closed (equivalently, locally compact) if and only if c(B(G)) = {0} (i.e., G contains no non-trivial compact connected subgroups). In particular, G p is closed precisely when G is totally disconnected.
Every periodic locally compact abelian group G (i.e., G = B(G) and c(G) = {0}) is a local product loc p∈P (G p , K p ), where K ∈ B(G) (see [6] ). Let us recall that this is the subgroup
of p∈P G p endowed with the topology with respect to which p∈P K p is open.
Proof of Theorem 1.8. First we prove that, for the totally disconnected locally compact abelian group G,
Since c(G) = {0}, AT 0 (G, B(G)) holds, according to Proposition 3.12. Therefore, h top (φ) = h top (φ ↾ B(G) ). Since G p = B(G) p for every p ∈ P, we may assume without loss of generality that G is periodic, i.e., G = B(G). Hence,
, where K p ∈ B(G p ) for every p ∈ P and K = p∈P K p . For every p ∈ P, G p is fully invariant in G, so it makes sense to consider φ ↾ Gp .
For each n ∈ N + let P n be the set of the first n primes and consider the splitting
where
Since both G (n) and H n are fully invariant in G, by Lemma 3.1 we have that
Since h top (φ ↾ Gp ) ≥ 0 for every p ∈ P, this equality gives us (3.6) in both cases, when the series p∈P h top (φ ↾ Gp ) converges and when it diverges.
We prove now the second part of the theorem. (a) If AT (G p ) holds for every for p ∈ P, then also AT (G) holds. (b) In case G is periodic, AT (G) holds if and only if AT (G p ) holds for every p ∈ P.
First we assume that G = B(G) is periodic and write
Assume that AT (G) holds, fix q ∈ P and consider the group Now assume that AT (G p ) holds for every p ∈ P. Let φ ∈ End(G) and let H be a φ-invariant closed subgroup of
where H p = H ∩ G p . Indeed, H is a periodic locally compact abelian group and for every p ∈ P the subgroup
By (3.6) applied to G, φ, G/H,φ and H, φ ↾ H , we get
Since AT (G p ) holds for every p ∈ P, one has
and we are done. We end with the general case of the proof of (a), for a totally disconnected group G, supposing that AT (G p ) holds for every p ∈ P. Since c(G) = {0}, B(G) is a fully invariant open subgroup of G. Moreover, since B(G) is periodic and B(G) p = G p for every p ∈ P, we deduce from the above argument that AT (B(G)) holds. By Proposition 3.6 we conclude that AT (G) holds as well.
Note that in the above proof the subgroups G (n) × p∈P\Pn K p form an increasing chain of open subgroups of G = n∈N G (n) , but these subgroups need not be invariant.
3.4. The Addition Theorem for Q n p . An important instance of Addition Theorem is given by the following example, where we have a locally compact abelian p-group which is not compact. A more general result will be given in Proposition 4.8, nevertheless we anticipate this particular case which can be checked directly, without any recourse to the highly non-trivial Theorem 2.5.
Example 3.13. Let G = Z p × Q p , for a prime p, and φ ∈ End(G). Since Q p = d(G), it is fully invariant, so in particular it is φ-invariant. We prove that
, and a continuous endomorphism φ 3 : Z p → Q p such that for every (x, y) ∈ G,
Therefore, there exist ξ 1 ∈ Z p and ξ 2 , ξ 3 ∈ Q p such that φ i (z) = ξ i z for i ∈ {1, 2, 3}. Let p ℓi = |ξ i | p with the convention that ℓ i = −∞ in case ξ i = 0 since |0| p = 0.
Let us see that
In fact, consider the local base
and so
By Lemma 2.1, we obtain (3.8).
Next we verify that
Consider the local base
and for every n ∈ N, one has
Hence,
By Lemma 2.1, we conclude that (3.9) holds. Now (3.8) and (3.9) give (3.7).
Consider nowφ ∈ End(G/Q p ). Since G/Q p ∼ = Z p , by Corollary 2.2 we have that h top (φ) = 0. Hence, AT 0 (G, φ, Q p ) holds, as announced above.
Proof of Theorem 1.9. Let G = Q n p and φ ∈ End(Q n p ), and let H be a φ-invariant closed subgroup of G. Being a closed subgroup of G,
Since G is divisible, we may assume without loss of generality that
is locally compact, hence complete, and therefore D(H) is a closed subgroup of G.
Since H is open in D(H), by Corollary 3.5 we have that
Since D(H)/H is a discreteφ G/H -invariant subgroup of G/H, and since the endomorphism induced byφ G/H on (G/H)/(D(H)/H) is conjugated toφ G/D(H) , by Lemma 2.3(b9 and by Proposition 3.7, we have that
Therefore, it remains to show that AT (G, φ, D(H)) holds, that is,
Since A has the same eigenvalues of
which is the matrix of φ ↾ D(H) ×φ 2 , by Theorem 2.5 and Lemma 2.3(b), we conclude that
This concludes the proof in view of (3.10) and (3.11).
We are not aware whether AT (G) holds for every locally compact abelian p-group G with rank p (G) < ∞ (see Question 6.5).
4. Locally compact abelian groups in E <∞ and E 0 4.1. General facts on E <∞ and E 0 . The classes E 0 and E <∞ are obviously stable under taking direct summands. Moreover, they are also stable under taking extensions with respect to fully invariant closed subgroups satisfying the Addition Theorem in the sense of Definition 3.2(b): Lemma 4.1. Let G be a locally compact abelian group with a fully invariant closed subgroup H such that
Note that for G ∈ E 0 the conjunction of H ∈ E 0 and G/H ∈ E 0 for a fully invariant closed subgroup H obviously implies that AT (G, H) holds.
Remark 4.2. One may ask whether the implications in Lemma 4.1 can be inverted. To show that the answer is negative, at least in the cases (a) and (b), we make use of the examples of compact abelian p-groups G ∈ E 0 of weight c from Remark 1.3. Let us see that G has a fully invariant closed subgroup H with G/H ∈ E <∞ . Since | G| = w(G) = c, one has r p ( G) = | G| = c, and consequently
The following is a direct application of Lemma 3.5.
Lemma 4.3. Let G be a locally compact abelian group and endow D(G) with the unique group topology that makes
We are not aware if the implication in the conclusion of the Lemma 4.3 can be inverted, see Question 6.1.
4.2.
Reduction to locally compact abelian p-groups. Since we want to determine when a locally compact abelian group G is in E <∞ , the following lemma gives a sufficient condition in terms of the open fully invariant subgroup ̟(G) of G.
Proof. Follows from Lemma 4.1, as AT 0 (G, ̟(G)) holds by Proposition 3.12.
A locally compact abelian group G can be identified with R n × G 0 with the product topology, for some n ∈ N and with B(G 0 ) = ∅. Since R n contains no non-trivial subgroups, B(G) ⊆ G 0 . On the other hand, c(G) = R n × K, where K is compact and connected, so ̟(G) = B(G) + R n . While B(G) is fully invariant in G, R n is fully invariant in G if and only if B(G) is totally disconnected, that is, c(B(G)) = c(G) ∩ B(G) = {0}. Under this assumption, c(G) = R n and ̟(G) = B(G) × R n topologically, and we see that ̟(G) ∈ E <∞ when B(G) ∈ E <∞ : Lemma 4.5. Let G be a locally compact abelian group such that c(B(G)) = {0}. Then
Proof. First we note that AT 0 (G, ̟(G)) holds by Proposition 3.12, hence
Moreover, the open subgroup
, so we may assume without loss of generality that G = ̟(G).
As c(G) = R n × c(B(G)) for some n ∈ N, our hypothesis implies that c(G) = R n and c(G) ∩ B(G) = c(B(G)) = {0}. This gives the isomorphism G ∼ = B(G) × c(G). Since both c(G) and B(G) are fully invariant in G, (4.1) holds, by Lemma 3.1.
The last assertion follows from (4.1) and (2.3).
The following result covers Theorem 1.2. It permits the crucial reduction to the case of locally compact abelian p-groups. Proposition 4.6. Let G be a locally compact abelian group such that c(B(G)) = {0}. Then: (a) G ∈ E <∞ whenever G p ∈ E <∞ for every p ∈ P and G p ∈ E 0 for almost all p ∈ P; (b) G ∈ E 0 whenever G is totally disconnected and G p ∈ E 0 for every p ∈ P. If G = ̟(G), then also the converse implications hold. In particular, G ∈ E <∞ if and only if B(G) ∈ E <∞ .
Proof. If φ ∈ End(G), by Theorem 1.8 and Lemma 4.5 we have that
The conclusion follows since h top (φ ↾ Gp ) ∈ log N + ∪ {∞} for every p ∈ P by (2.2).
Assuming G = ̟(G), we have a direct product G = c(G) × B(G), where c(G) ∼ = R n for some n ∈ N. Since for every p ∈ P the fully invariant closed subgroup G p = B(G) p is a direct summand of B(G), we have that G p is a direct summand of G. Therefore, G ∈ E 0 implies that c(G) = 0 in view of (2.3), and that each G p ∈ E 0 by Lemma 3.1. Similarly, G ∈ E <∞ implies G p ∈ E <∞ for every p ∈ P.
The last assertion follows from the fact that under the assumption G = ̟(G) the subgroup B(G) is a direct summands of G, so Lemma 4.5 applies.
4.3.
Locally compact abelian p-groups in E <∞ and in E 0 . In the following example we see that E <∞ contains locally compact abelian p-groups G with rank p (G) infinite, and that the same abelian group G may be endowed with two different locally compact topologies τ 1 , τ 2 with (G, τ 1 ) ∈ E 0 and (G, τ 2 ) ∈ E <∞ . Example 4.7. Any torsion abelian p-group of infinite rank (e.g., the group Z(p) N ) equipped with the discrete topology belongs to E 0 ⊆ E <∞ by Remark 2.4 and it has finite p-rank.
On the other hand, Z(p) N endowed with the compact product topology does not belong to E <∞ . In fact,
has infinite topological entropy [7, 12] . A similar argument shows that the compact group Z(p) κ belongs to E <∞ for no infinite cardinal κ (just note that Z(p)
In the following proposition we see how one can compute the topological entropy of a continuous endomorphism of a locally compact abelian p-group G with rank p (G) < ∞.
Note that for
with n 1 , n 2 , n 3 ∈ N and F p a finite p-group, the subgroup
The scale
If G is a totally disconnected locally compact group and φ ∈ End(G), the scale of φ was defined in [30] as
By [16, Proposition 4.8] , we have that always
A subgroup U ∈ B(G) is minimizing for s(φ) if the minimum in the definition is attained at U , that is, s(φ) = [φ(U ) : U ∩ φ(U )]. Obviously, every φ-invariant subgroup U ∈ B(G) is minimizing and witnesses the equality s(φ) = 1; in particular, s(φ) = 1 for every φ ∈ End(G), if G is either compact or discrete.
The nub nub(φ) of φ is the intersection of all minimizing subgroups of s(φ); by [16, Corollary 4.6 and Corollary 4.11] nub(φ) is a compact subgroup of G such that φ(nub(φ)) = nub(φ) and h top (φ) = log s(φ) if and only if nub(φ) = {1}.
In [3, Theorem 3 .32] several conditions equivalent to nub(φ) = {1} are given in case φ is a topological automorphism.
The scale can be computed also by using the following useful formula, called Möller's formula. 
In the abelian case φ n (U )/(U ∩ φ n (U )) ∼ = (U + φ n (U ))/U , hence Möller's formula can be written as
The counterpart of the Addition Theorem, namely s(φ) = s(φ ↾ H )s(φ G/H ), does not hold for the scale (see [4, Remark 4.6] ). Nevertheless, by applying the formula in (5.2) we can easily extend the following monotonicity needed below to all continuous endomorphisms. Let U ∩ H ∈ B(H). Then, for every n ∈ N,
The p-adic Yuzvinski's formula for the scale was given for topological automorphisms of Q n p in [4, Theorem 5.2] (see also [17] for more general results) and can be generalized to continuous endomorphisms applying the same argument. We extend Corollary 5.4 to all locally compact abelian p-groups of finite rank p in the next result which covers Theorem 1.7.
Theorem 5.5. Let G be a locally compact abelian p-group with rank p (G) < ∞ and let φ ∈ End(G). Then
and nub(φ) = {0}. 
Proof. By Theorem 1.4 we can assume that
Since log s(φ) ≤ h top (φ) by (5.1), we obtain the thesis. 
According to Theorem 1.1(a), a locally compact abelian group G ∈ E <∞ is finite-dimensional. This motivates us to focus on finite-dimensional locally compact abelian groups in the sequel. Theorem 1.2 leaves open the following questions. A positive answer to both items would completely reduce the problem of understanding the structure of the locally compact abelian groups in E <∞ to the totally disconnected case.
Question 6.2. Suppose that G is a finite-dimensional locally compact abelian group. (a) Does
According to Theorem 1.1(a), the answer to item (a) is affirmative for compact abelian groups. On the other hand, the answer to item (b) is not known even for compact abelian groups (see [12, Question 7.3 
]).
We do not know whether the implication in Lemma 4.4 can be inverted: Question 6.3. Does G ∈ E <∞ imply ̟(G) ∈ E <∞ for a locally compact abelian group G?
A positive answer to this question would allow us to work in the case when G = ̟(G). Assuming also that c(B(G)) = {0} (i.e., B(G) is periodic), in Proposition 4.6 we saw that G ∈ E <∞ if and only if B(G) ∈ E <∞ . So the study of the locally compact abelian groups in E <∞ would be reduced to the case of periodic locally compact abelian groups, for which Theorem 1.2 gives a further reduction to locally compact abelian p-groups. According to Theorem 1.8, an affirmative answer to the first part of the above question would imply that AT (G) holds for every totally disconnected locally compact abelian group. We conjecture that the answer is affirmative at least in the second more restrictive version.
6.2. The non-abelian case. Finally, we report a few comments regarding the non-abelian case.
Following [22] , for a compact p-group G and n ∈ N, consider the subgroup Ω n (G) = {g | g p n = 1} , which is obviously fully invariant in G.
Lemma 6.6. If G is a compact p-group such that B = {Ω n (G) | n ∈ N} ⊆ B(G) is a local base of G, then G ∈ E 0 .
Proof. It suffices to apply Corollary 2.
2.
An instance of the above lemma, are the groups Z n p × F p , where n ∈ N and F p is a finite p-group. In order to provide another example we need to recall first a family of non-abelian locally compact nilpotent groups of nilpotency class 2 with significant applications in theoretical physics and Lie theory. The Heisenberg group on a commutative unitary ring R is the group of all (3 × 3)-matrices When R is a topological commutative unitary ring, H(R) is equipped with the product topology induced by R 9 .
One can see that H(Z p ) is a compact p-group, while H(Q p ) is a locally compact p-group; for both these groups rank p equals 2. Here, following [18] , we take as a definition of rank p (G) of a locally compact group G, the equivalent condition mentioned in the introduction, that is, rank p (G) is finite if there exists n ∈ N such that every topologically finitely generated subgroup of G is generated by at most n elements, and rank p (G) is the smallest n ∈ N with such property.
Example 6.7. The group H(Z p ) satisfies the hypothesis of Lemma 6.6, hence H(Z p ) ∈ E 0 . While H(Z p ) ∈ E 0 comes as an application of Lemma 6.6, for H(Q p ) we prove the following result using several versions of the Addition Theorem and specific algebraic properties of the Heisenberg groups. According to [5, Corollary 16] , the answer is affirmative for Lie groups. On the other hand, it is affirmative also for compact groups. Indeed, the second part of Theorem 1.1(a) (this is [12, Theorem A]) works also for classes of compact-like groups other than locally compact (e.g., ω-bounded, or simply pseudocompact, etc.). In particular, G ∈ E <∞ if G is a finite-dimensional connected pseudocompact group by [12, Proposition 4.4] . So, one can try to further push the study of the class E <∞ in the framework that simultaneously generalizes both locally compact and pseudocompact groups, namely, that of locally pseudocompact groups.
